Given a conformally nonflat Einstein spacetime we define a fibrationP over it. The fibres of this fibration are elliptic curves (2-dimensional tori) or their degenerate counterparts. Their topology depends on the algebraic type of the Weyl tensor of the Einstein metric. The fibrationP is a double branched cover of the bundle P of null direction over the spacetime and is equipped with six linearly independent 1-forms which satisfy certain relatively simple system of equations.
1. In Ref. [4] we defined a certain differential system I on an open set U of R 6 .
We showed that a pair (U, I) naturally defines a 4-dimensional conformally non-flat Lorentzian spacetime (M, g) which satisfies the Einstein equations R ij = λg ij . In this paper we prove the converse satement. In particular, we give a construction which associates a certain 6-dimensional elliptic fibrationP with any conformally non-flat Lorentzian Einstein spacetime. Moreover, we show howP may be equipped with a unique differential system which has all the properties of the system I on U .
We brieflly recall the definitions of the geometrical objects we need in the following. Let M be a 4-dimensional oriented and time-oriented manifold equipped with a Lorentzian metric g of signature (+, +, +, −). It is convenient to introduce a null frame (m,m, k, l) on M with a coframe θ i = (θ 1 , θ 2 , θ 3 , θ 4 ) = (M,M , K, L) so that g = g ij θ i θ j = MM − KL. 1 (1)
The Lorentz group L consists of matrices λ i j ∈ GL(4, C) such that . We will denote the inverse of the Lorentz matrix λ i j byλ i j . The connected component of the identity element of L is the proper ortochroneous Lorentz group, which we denote by L ↑ + . Given g and θ i the connection 1-forms Γ ij = g ik Γ k j are uniquely defined by
The connection coefficients Γ ijk are determined by Γ ij = Γ ijk θ k . 2 Using them we define the curvature 2-forms R k i , the Riemann tensor R i jkl , the Ricci tensor R ij and its scalar R by
1 Such expressions as θ i θ j mean the symmetrized tensor product, e.g. θ i θ j = 1 2 (θ i ⊗ θ j + θ j ⊗ θ i ). Also, we will denote by round (resp. square) brackets the symmetrization (resp. antisymmetrization) of indices, e.g. a (ik) = 1 2 (a ik + a ki ), a [ik] = 1 2 (a ik − a ki ), etc. 2 We lower and raise indices by means of the metric and its inverse 2 We also introduce the traceless Ricci tensor by
Note that the vanishing of S ij is equivalent to the Einstein equations R ij = λg ij for the metric g. We define the Weyl tensor C i jkl by
and its spinorial coefficients Ψ µ by 3
2.
Let F(M) denote the bundle of oriented and time oriented null coframes over M. This means that F(M) is the set of all equally oriented null coframes θ i at all points of M. The mapping π : F(M) → M, which maps a coframe θ i at x ∈ M onto x, gives the canonical projection. A fibre π −1 (x) in F(M) consists of all the null coframes at point x which have the same orientation and time orientation. If θ j is a null coframe at x ∈ M then any other equivalently oriented null coframe at x is given by θ i = λ i j θ j , where λ i j is a certain element of L ↑ + . This defines an action of 3 Theses equations are coppied from Ref. [3] . There, the curvature 2-forms R ij were denoted by Ω [ij] . We take this opportunity to mention that a sign missprint was present in the expressions for Ω [23] and Ω [13] in appendix B of [3] . The correct formulae (B1) and (B2) of [3] should have minus sign in front of 1 12 R in the expressions for Ω [23] and Ω [13] . Note also that because of the orientation change, formulae of [3] translate to the present paper by respecting the following rules. (a) Put N and P of [3] to be equal to the present L andM , respectively. L ↑ + on F(M). Thus, F(M) is a 10-dimensional principal fibre bundle with L ↑ + as its structural group. It is well known that the bundle F(M) is equipped with a natural 4-covector-valued 1-form e i , i = 1, 2, 3, 4, the Cartan soldering form, which is defined as follows. Take any vector v c tangent to F(M) at a point c. Let c be in the fibre π −1 (x) over a point x ∈ M. This means that c may be identified with a certain null coframe θ i c at x. Then, the formal definition of e i reads: e i (v c ) = θ i c (π * v c ). The first two components of e i are complex and mutually conjugated. The remaining two are real. Altogether, they constitute a system of four well defined linearly independent 1-forms on F(M). In the following we will denote them by
A theorem which we present below is a null coframe reformulation of the Elie Cartan theorem on affine conections.
Theorem 1 Let e i = (F,F , T, Λ) be the soldering form on F(M). Then (i) the system of equations
for a matrix of complex-valued 1-forms ω i j (i, j = 1, 2, 3, 4) on F(M) has unique solution, (ii) ω i j uniquely defines six complex-valued 1-forms (E,Ē, Γ,Γ, Ω,Ω) by
(iii) the forms (F,F , T, Λ, E,Ē, Γ,Γ, Ω,Ω) are linearly independent at each point of F(M).
For completness we sketch the proof.
First, we show that if there is a solution to (5) then it is unique. To do this we assume an existence of two solutions ω i j andω i j . Subtracting de i +ω i j ∧ e j = 0 from de i + ω i j ∧ e j = 0 we get
Now, let e µ , µ = 1, 2, 3, 4, 5, 6, be a system of 1-forms such that the ten 1-forms (e i , e µ ) constitute a basis of 1-forms on F(M). Let ω i j = ω i jk e k + ω i jµ e µ and ω i j =ω i jk e k +ω i jµ e µ be the corresponding decompositions of the solutions. Then (7) easilly yields ω i jµ =ω i jµ and ω i[jk] =ω i [jk] . The defining properties of the solutions give also ω (ij)k = 0 =ω (ij)k . Now, due to the identity
, which is true for any A ijk such that A (ij)k = 0, we get ω ijk =ω ijk . This shows that ω i j =ω i j , hence the uniqueness.
We pass to the construction of a solution. Given a sufficiently small neighbourhood O in M we identify π −1 (O) with O × L ↑ + . Then, the soldering form may be written as
Taking de i and using the equations (3) one easilly finds that
is a solution to (5) . Given this solution one defines the forms (E, Γ, Ω) by
This is in accordance with (6) due to ω (ij) = 0 and the reality properties of e i .
To prove the linear independence of the system (F,F , T, Λ, E,Ē, Γ,Γ, Ω,Ω) it is enough to observe that the six 1-forms dλ 1 The theorem is proven.
3.
Consider the ten well defined forms (F,F , T, Λ, E,Ē, Ω,Ω, Γ,Γ) on F(M) given by (4) and (10). The differentials of the first four forms are given by (5) and (6) . In the basis (F,F , T, Λ, E,Ē, Ω,Ω, Γ,Γ) they assume the form
The differentials of the other forms may be easilly calculated using the local representation (9) and the well known structure equation
These diferentials are by far much more complicated than the differentials of dF , dT and dΛ. In particular, the decompositions of dF , dT and dΛ onto the basis of 2-forms associated with (F,F , T, Λ, E,Ē, Ω,Ω, Γ,Γ) have only constant coefficients. It turns out that in the differentials dE, dΩ and dΓ coefficients which are functions appear. The zero sets of these functions have a well defined geometrical meaning and define certain subsets of F(M). Now, the hope is that when we restrict to such subsets then the differentials of E, Ω, and Γ will have much simpler form than their differentials on the whole F(M). Our aim now is to study this possibility.
4.
We concentrate on the analysis of dE = −dω 1 3 . Let us introduce the matrices λ i j (w, z, y) and λ i j (w , z , y ) such that
Then, it is well known that L ↑ + can be represented by
On the intersection U ∩ U , the coordinates (w, z, y) and (w , z , y ) shall be related by
Thus, we can cover any π −1 (O) ∼ = (O × L ↑ + ) by the two charts O × U and O × U . Now, on O consider the coframe θ i of (1). Inserting λ i j = λ i j (w, z, y) or λ i j (w , z , y ) to the formulae (8), (9), (14) and using the definitions (1), (4), (10) we easilly obtain the following two lemmas. 
Now one can easily find the differential of dE. The functions φ, b, β, ψ, a, α are given by
The following three cases are of particular interest.
(A) The metric g of the 4-manifold M satisfies the Einstein equations R ij = λg ij and is not conformally flat. This case is characterized by Φ ≡ 0 and Ψ ≡ 0.
(B) The metric g is conformally flat but not Einstein. This case corresponds to Ψ ≡ 0, Φ ≡ 0.
(C) The metric g is of constant curvature. This means that Ψ ≡ Φ ≡ 0.
In the first two cases there is a canonical choice of certain 6-dimensional subsets in F(M). This is defined by the demand that on such sets certain components of dE should identically vanish. This approach is impossible in the case (C) since this implies an immediate reduction of dE to the form
5. From now on we consider the case (A) of the preceding section. This is the most interesting generic Einstein case. Imposing the restrictions (A) on dE we immediately see that
where ψ, a, α are the same as in the Lemma 1. Since we are in the not conformally flat case (A) we have ψ = 0. This makes possible the restriction to such a set W ⊂ π −1 (O) in which a identically vanish. Thus we consider
where
or (what is the same due to the nonvanishing of w and w ) by
On W we have dE = 2Ω ∧ E + ψT ∧F + αF ∧ Λ.
One can still simplify this relation by restricting to a subsetP 0 of W in which ψ = −1. Then,P 0 is a subset of π −1 (O) which is given bỹ It follows from the construction that onP 0 we have dE = 2Ω ∧ E +F ∧ T + αF ∧ Λ.
6.
We study the geometry and topology of the setP 0 .
The equations definingP 0 may be written as
We see that the first pair of equations eniquely subordinates y to z and y to z . The second pair gives a realtion between w and z and w and z . Thus, locally among the parameters (x; w, z, y) in O × U (respectively, (x; w , z , y ) in O × U ), only x and z (respectively, x and z ) are free. This shows thatP 0 is 6-dimensional. Moreover,P 0 is fibred over O with 2-dimensional fibres. These are locally parametrized by z or z . To discuss the topology of fibres one observes that the relation between w and z (respectively, w and z ) is purely polynomial. Over every point of O it has the form
or
Assume for a moment (a) that w = 0 and w = 0 are the allowed values of the parameters and (b) that the equations
for z and z have only distinct roots. Then, the relations (41)-(42), as being fourth order in the parametrs z and z , describe a 2-dimensional torus 5 . Let us comment on (a) and (b).
(a) We know that w and w can not be zero by their definitions. So to have a torus fibration over the Einstein spacetime we need to accept that w and w may vanish. A price paid for this is that some of the forms (F,F , T, Λ, E,Ē, Ω,Ω, Γ,Γ) will be singular on the resulting fibration at these values of w and w . 6 With these remarks, from now on, we accept that w and w may vanish. This enables us for the introduction of the fibrationP over M which, over the neighbourhood O ⊂ M is given byP Summing up the information from sections 4, 5, 6 we have the following theorem.
Theorem 2 Given a 4-dimensional spacetime M satisfying the Einstein equations R ij = λg ij one naturally defines a fibration Π :P → M with the following properties.
(1) A fibre Π −1 (x) over a point x ∈ M is a (possibly degenerate) elliptic curve C given by C = C 1 ∪ C 2 ,
where the transition functions between (w, z) and (w , z ) coordinates are given by w = − w z 2 z = 1 z .
(2) The degeneracy of a fibre depends on the algebraic type of the spacetime metric and may change from point to point.
(3) There is a unique construction of a certain surfaceP 0 of dimension six immersed in the bundle of null coframes F(M).P 0 is fibred over M andP may be viewed as an extension ofP 0 achieved by adding to each fibre ofP 0 at most four points. The explicit formulae for the forms onP 1 (resp. onP 2 ) may be obtained from the expressions of Lemma 1 (resp. Lemma 2) by inserting the relations y = −Ψ z /(4Ψ) and w 2 + Ψ = 0 (resp. y = −Ψ z /(4Ψ ) and w 2 + Ψ = 0).
